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GRADINGS BY GROUPS ON MELIKYAN ALGEBRAS
JASON MCGRAW
Abstract. In this paper we describe all gradings by abelian groups without
elements of order five on the Melikyan algebras over algebraically closed fields
of characteristic five.
1. Introduction
Let A be an algebra over a field F , G a group and AutA, AutG the automor-
phism groups of A and G, respectively. The base field F will always be algebraically
closed. The field will be of characteristic five when dealing with Melikyan algebras.
Definition 1. A grading Γ by a group G on an algebra A, also called a G-grading,
is a decomposition Γ : A =
⊕
g∈GAg where each Ag is a subspace such that
[Ag′ , Ag′′ ] ⊂ Ag′g′′ for all g
′, g′′ ∈ G. For each g ∈ G, we call the subspace Ag
the homogeneous space of degree g. The set SuppΓA = {g ∈ G |Ag 6= 0} is called
the support of the grading.
For a grading by a group G on a simple Lie algebra L, it is well known that
the subgroup generated by the support is abelian [6, Lemma 2.1]. If L is finite-
dimensional and the support generates G we have that G is finitely generated.
Definition 2. Two gradings A =
⊕
g∈G
Ag and A =
⊕
h∈G
A′h of an algebra A are
called equivalent if there exist Ψ ∈ AutA and θ ∈ AutG such that Ψ(Ag) = A
′
θ(g)
for all g ∈ G. If θ is the identity, we call the gradings isomorphic.
Definition 3. Let A =
⊕
g∈GAg be a grading by a group G on an algebra A and
ϕ a group homomorphism of G onto H. The coarsening of the G-grading induced
by ϕ is the H-grading defined by A =
⊕
h∈H Ah where
Ah =
⊕
g∈G, ϕ(g)=h
Ag.
The task of finding all gradings on simple Lie algebras by finite groups in the
case of algebraically closed fields of characteristic zero is almost complete — see [10]
and also [4, 5, 6, 7, 8, 9, 11]. In the case of positive characteristic p, a description
of gradings on the classical simple Lie algebras, with certain exceptions, has been
obtained in [1], [3]. In the case of simple graded Cartan type Lie algebras, the
gradings by Z have been described in [17]. It was shown in [15] that all gradings by
groups without elements of order p on the graded simple Cartan type Lie algebras,
up to isomorphism, fall into the category of what we call standard gradings (which
are coarsenings of the standard Zk-gradings). In [15] the gradings by arbitrary
groups on the Witt algebra W (1; 1) were described. The gradings on the restricted
Witt and special algebras have been announced recently by Bahturin and Kochetov
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in [2]. This paper will deal with the gradings on the Melikyan algebras by arbitrary
abelian groups with no elements of order five in the case where the base field F is
assumed to be algebraically closed and p = 5. We use the notation of [17].
Our main result is the following.
Theorem 1. Let L be a Melikyan algebra over an algebraically closed field. Suppose
L is graded by a group G, the support generates G and G has no elements of order
5. Then the grading is isomorphic to a standard G-grading.
The correspondence between the gradings on an algebra by finite abelian groups
of order coprime to the characteristic p of the field and finite abelian subgroups
of the automorphisms of this algebra is well known. Using the theory of algebraic
groups, this extends to infinite abelian groups. Namely, a grading on an algebra
L =
⊕
g∈G Lg by a finitely generated abelian group without elements of order p
gives rise to an embedding of the dual group Ĝ into AutL using the following
action:
χ ∗ y = χ(g)y, for all y ∈ Lg, g ∈ G, χ ∈ Ĝ.
We will denote this embedding by η : Ĝ→ AutL, so
(1) η(χ)(y) = χ ∗ y.
Lemma 1. Let G, H be groups, A an algebra and φ : G → H be a group ho-
momorphism, Γ : A =
⊕
g∈GAg be a G-grading and Γ : A =
⊕
h∈H Ah be the
H-grading defined by Ah =
⊕
g∈G, h=φ(g)Ag. Then ηΓ(Ĥ) ⊂ ηΓ(Ĝ) where the ho-
momorphisms ηΓ : Ĝ→ AutA and ηΓ : Ĥ → AutA are defined by (1) with respect
to the gradings Γ and Γ respectively.
Proof. Let χ ∈ Ĥ . For y ∈ Ag we have ηΓ(χ)(y) = χ(φ(g))y since Ag ⊂ Aφ(g). Let
ζ : G→ F× be the map defined by ζ(g) = χ(φ(g)) for all g ∈ G. Then
ζ(g1g2) = χ(φ(g1g2)) = χ(φ(g1)φ(g2)) = χ(φ(g1))χ(φ(g2)) = ζ(g1)ζ(g2)
for all g1, g2 ∈ G. Hence ζ ∈ Ĝ. Furthermore, for all y ∈ Ag we have
ηΓ(χ)(y) = χ(φ(g))y = ζ(g)y = ηΓ(ζ)(y).
Hence ηΓ(χ) ∈ ηΓ(Ĝ). 
Lemma 2. Let G, H be abelian groups without elements of order p, A an algebra
Γ : A =
⊕
g∈GAg be a G-grading and Γ : A =
⊕
h∈H Ah be an H-grading such that
the groups are generated by their support respectively. If ηΓ(H) ⊂ ηΓ(G) then Γ is
a coarsening of the G-grading where ηΓ(H) and ηΓ(G) are defined by (1).
Proof. The eigenspaces of ηΓ(G) and ηΓ(H) are Ag and Ah respectively for all
g ∈ SuppΓA and h ∈ SuppΓA. Since ηΓ(H) ⊂ ηΓ(G) we have that for any
g ∈ SuppΓA the eigenspace Ag of ηΓ(G) is contained in some eigenspace Ah of
ηΓ(H) for some h ∈ SuppΓA where h depends on g. Let φ : SuppΓA → SuppΓA
be the map defined by φ(g) = h for g ∈ SuppΓA where h ∈ SuppΓA and Ag ⊂ Ah.
The map φ extends to a homomorphism of G onto H since AgAg′ ⊂ Ag g′ and
AhAh′ ⊂ Ahh′ by the property of gradings and the groups are generated by their
supports respectively. Then Γ is a coarsening of Γ. 
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If L is finite-dimensional, then AutL is an algebraic group, and the image η(Ĝ)
belongs to the class of algebraic groups called quasi-tori. Recall that a quasi-torus is
an algebraic group that is abelian and consists of semisimple elements. Conversely,
given a quasi-torus Q in AutL, we obtain the eigenspace decomposition of L with
respect to Q, which is a grading by the group of characters of Q, G = X(Q).
In this paper, L is a Melikyan algebra M(2;n), where n = (n1, n2) is a pair
of positive integers — see the definitions in the next section. Unless it is stated
otherwise, m is a positive integer and n = (n1, . . . , nm) is an m-tuple of positive
integers. We denote by a and b some m-tuples of non-negative integers and by
i, j, k, l some integers.
2. Melikyan Algebras and Their Standard
Gradings
In this section we introduce some basic definitions, closely following [17, Chapter
2]. We start by defining the commutative algebras O(m;n) and the Witt algebras
W (m;n) which we will use to define the Melikyan algebras when m = 2.
Definition 4. Let O(m;n) be the commutative algebra
O(m;n) :=


∑
0≤a≤τ(n)
α(a)x(a) | α(a) ∈ F


over a field of characteristic p, where τ(n) = (pn1 − 1, . . . , pnm − 1), with multipli-
cation
x(a)x(b) =
(
a+ b
a
)
x(a+b),
where
(
a+ b
a
)
=
m∏
i=1
(
ai + bi
ai
)
.
For 1 ≤ i ≤ m, let ǫi := (0, . . . , 0, 1, 0 . . . , 0), where the 1 is at the i-th position,
and xi := x
(ǫi).
There are standard derivations on O(m;n) defined by ∂i(x
(a)) = x(a−εi) for
1 ≤ i ≤ m.
Definition 5. Let W (m;n) be the Lie algebra
W (m;n) :=


∑
1≤i≤m
fi∂i | fi ∈ O(m;n)


with the commutator defined by
[f∂i, g∂j] = f(∂ig)∂j − g(∂jf)∂i, f, g ∈ O(m;n).
The Lie algebras W (m;n) are called Witt algebras. W (m;n) is a subalgebra of
DerO(m;n), the Lie algebra of derivations of O(m;n).
From now on the base field F is algebraically closed and its characteristic is 5.
We set W˜ (2;n) = O(2;n)∂˜1+O(2;n)∂˜2. We define the map div :W (2;n)→ O(2;n)
by
div(f1∂1 + f2∂2) := ∂1(f1) + ∂2(f2)
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for all f1, f2 ∈ O(2;n). Also set
˜f1∂1 + f2∂2 := f1∂˜1 + f2∂˜2
for all f1, f2 ∈ O(2;n).
Definition 6. Let M(2;n) := O(2;n) ⊕W (2;n) ⊕ W˜ (2;n) be the algebra whose
multiplication is defined by the following equations. For all D ∈ W (2;n), E ∈
W˜ (2;n) and f, f1, f2, g1, g2 ∈ O(2;n) we set
[D, E˜] := [˜D,E] + 2 div(D)E˜,
[D, f ] := D(f)− 2 div(D)f,
[f, E˜] := fE
[f1, f2] := 2(f1∂1(f2)− f2∂1(f1))∂˜2 + 2(f2∂2(f1)− f1∂2(f2))∂˜1.
[f1∂˜1 + f2∂˜2, g1∂˜1 + g2∂˜2] := f1g2 − f2g1.
We call M(2;n) the Melikyan algebra.
The algebras O(m;n), W (m;n), M(2;n) defined above have well known canon-
ical Z-gradings.
Definition 7. Let A = O(m;n), W (m;n) or M(2;n). The canonical Z-grading of
A,
A =
⊕
i∈Z
= {y ∈ A | degA(y) = i},
is defined by declaring their degrees, degO, degW and degM , respectively, as follows:
degO(x
(a)) := a1 + · · ·+ am,
degW (x
(a)∂i) := a1 + · · ·+ am − 1,
degM (x
(a)∂i) := 3 degW (x
(a)∂i),
degM (x
(a)∂˜i) := 3 degW (x
(a)∂i) + 2,
degM (x
(a)) := 3 degO(x
(a))− 2,
for 0 ≤ a ≤ τ(n). The canonical filtration of A, is defined by declaring A(i) =⊕
j≥i
Ai.
Note that W (2;n) =
⊕
i∈ZM3i.
Lemma 3. Let ΓM :M(2;n) =
⊕
(a,a2)∈Z2
M(a1,a2) where
M3(a1,a2) := Span{x
(a+εi)∂i | 1 ≤ i ≤ 2}
M(3a1,3a2)+1 := Span{x
(a+εi)∂˜i | 1 ≤ i ≤ 2}
M(3a1,3a2)−1 := Span{x
(a)}.
The decomposition above is Z2-grading on M(2;n). 
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Remark 1. The support of the Z2-grading ΓM does not generate Z
2. The support
generates the subgroup G = 〈(3i+ j, j) | i, j ∈ Z〉 which is isomorphic to Z2. Hence
we can define a Z2-grading for which the support generates Z2. Let φM : Z
2 → Z2
defined by φM ((1, 0)) = (3, 0) and φM ((0, 1)) = (1, 1). If we set La = MφM(a) for
a ∈ Z2 then ΓM : M(2;n) =
⊕
a∈Z2 La is a Z
2-grading since φM (Z
2) = G. Also
since L(−1,0) = M(−3,0) = Span{∂1} and L(0,−1) = M(−1,−1) = F we have that the
support of the ΓM grading generates Z
2.
Note that the grading in Lemma 3 is a coarsening of the ΓM grading. By Lemma
1 we have that ηΓM (Ẑ
2) ⊂ ηΓM (Ẑ
2). We will mainly work with the grading ΓM
and get results for ΓM . We will show that ηΓM (Ẑ
2) is a maximal abelian subgroup
of AutM(2;n) which implies that ηΓM (Ẑ
2) = ηΓM (Ẑ
2).
Definition 8. We call the Z2-grading ΓM in Remark 1 the standard Z
2-grading on
M(2;n). Let degΓM (y) and deg(y) be the degrees of y with respect to the Z
2-gradings
ΓM and ΓM respectively.
Remark 2. The canonical Z-grading is a coarsening of the Z2-grading ΓM from
Lemma 3 and hence a coarsening of the standard Z2-grading ΓM . Explicitly,
Mi =
⊕
a1+a2=i
M(a1,a2).
Definition 9. Let G be an abelian group and ϕ : Z2 → G a homomorphism. The
decomposition M(2;n) =
⊕
g∈GMg, given by
Mg = Span{y ∈M(2;n) |ϕ(degΓM (y)) = g},
is a G-grading on M(2;n). We call such decomposition a standard G-grading
induced by ϕ on M(2;n). We will refer to a standard G-grading induced by ϕ as a
standard G-grading when ϕ is not specified.
The grading ΓM on M(2;n) gives rise to a quasi-torus ηΓ(Ẑ
2). We will show
later that ηΓM (Ẑ
2) is actually a maximal torus. Let ta := ta11 t
a2
2 for all t = (t1, t2) ∈
(F×)2 and α(t) := t1t2. We define λ : (F
×)2 → AutM(2;n) where
λ(t)x(a)∂i := t
3a−3εix(a)∂i
λ(t)x(a)∂˜i := t
3a−3εiα(t)x(a)∂˜i
λ(t)x(a) := t3aα(t)−1x(a).
For any element y in M(a1,a2) of the grading ΓM we have λ(t)(y) = t
ay which is
the same as saying λ(t)(y) = tdeg(y)y.
Lemma 4. λ is a homomorphism of algebraic groups.
Proof. We start by showing that for t ∈ (F×)2 we have λ(t) ∈ AutM(2;n). Lemma
3 gives us that deg([y, z]) = deg(y) + deg(z) when y, z are homogeneous elements.
For homogeneous y, z we have
λ(t)([y, z]) = tdeg([y,z])[y, z] = tdeg(y)+deg(z)[y, z] = tdeg(y)tdeg(z)[y, z]
= [λ(t)(y), λ(t)(z)].
Hence λ(t) ∈ AutM(2;n).
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Now we show that λ is a homomorphism. Let s, t ∈ (F×)2 and y be a homoge-
neous element. Then
λ(s t)y = (s t)deg(y)y = sdeg(y)tdeg(y)y = sdeg(y)λ(t)(y) = λ(s)(λ(t)(y))
which shows that λ is a homomorphism.
It is obvious that λ is a rational map and it is a homomorphism. 
Let TM := λ((F
×)2). The kernel of λ is {(t1, t2) ∈ (F
×)2 | t31 = t
3
2 = 1, t1t2 = 1}.
Since the kernel is finite and λ is a regular homomorphism we have that TM is a
torus.
Lemma 5. The torus TM is ηΓM (Ẑ
2).
Proof. First we show that ηΓM (Ẑ
2) ⊂ TM . Let χ ∈ Ẑ2 and χ((1, 0)) = t1 ∈ F
× and
χ((0, 1)) = t2 ∈ F
×. For y ∈M(a1,a2) we have
ηΓM (χ)(y) = χ((a1, a2))y = χ((a1, 0))χ((0, a2))y
= χ((1, 0))a1χ((0, 1))a2y = (t1, t2)
deg(y)y = λ((t1, t2))(y).
Hence ηΓM (χ) ∈ TM and we have ηΓM (Ẑ
2) ⊂ TM .
Now we show that TM ⊂ ηΓM (Ẑ
2). For t = (t1, t2) ∈ (F
×)2 let χt : Z
2 → F× be
the element of Ẑ2 defined by χt(a) = t
a for all a ∈ Z2. For y ∈Ma, a ∈ Z
2 we have
λ(t)(y) = tay = χt(a)y = ηΓM (χt)(y).
Hence λ(t) ∈ ηΓM (Ẑ
2) and we have TM ⊂ ηΓM (Ẑ
2). 
The following proposition shows that if we want to know more about the quasi-
torus η(Ĝ) up to conjugation by an automorphism ofM(2;n) then we should look at
the normalizer of a maximal torus in AutM(2;n). This follows from [16, Corollary
3.28].
Proposition 1. A quasi-torus of an algebraic group belongs to the normalizer of a
maximal torus. 
In Section 3 we will show that TM is a maximal torus of AutM(2;n). This leads
us to look at the normalizer of the restriction of TM on W (2;n) in AutW (2;n).
Using that the automorphisms of W (2;n) can extend to AutM(2;n) (– see [12])
we can then extend the information of the normalizer in AutW (2;n) to get the
normalizer of TM in AutM(2;n).
The goal of Section 3 is to show that if G has no elements of order five then η(Ĝ)
is always contained in a maximal torus.
3. The automorphism groups of Melikyan algebras
The automorphism group ofM(2;n) respects the canonical filtration onM(2;n)
(– see proof of [13, Theorem 4.7]). Also [12] says that any automorphism ofW (2;n)
can be extended to an automorphism of M(2;n).
We start by looking at a maximal torus of AutW (2;n). Let
TW := {ψ ∈ AutW (2;n) | ψ(x
(a)∂k) = t
a1
1 t
a2
2 t
−1
k x
(a)∂k, tj ∈ F
×}.
According to [17, p. 371], TW is indeed a maximal torus of W (2;n).
Let AutW M(2;n) = {Ψ ∈ AutM(2;n) |Ψ(W (2;n)) =W (2;n)} and
π : AutW M(2;n)→ AutW (2;n) is the respective restriction map on
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AutW M(2;n). Since TM = ηΓM (Ẑ
2) with respect to the Z2-grading ΓM onM(2;n)
and W (2;n) is a graded subspace of this grading we have
TM ⊂ AutW M(2;n).
Lemma 6. The restriction of TM to W (2;n) is TW .
Proof. We start by showing TW ⊂ π(TM ). For any ψ ∈ TW we have a pair (s1, s2) ∈
(F×)2 such that ψ(x(a)∂i) = s
a1
1 s
a2
2 s
−1
i x
(a)∂i. For any element u of F
× there is at
least one element v such that v3 = u because F is algebraically closed. Hence there
exist t1 and t2 in F
× such that t31 = s1 and t
3
2 = s2. Computing λ(t) on x
(a)∂i we
get
λ(t)(x(a)∂i) = t
3a1
1 t
3a2
2 t
−3
i x
(a)∂i = s
a1
1 s
a2
2 s
−1
i x
(a)∂i.
This shows that ψ = π(λ((t1, t2))) ∈ π(TM ) and we have TW ⊂ π(TM ).
The inclusion π(TM ) ⊂ TW is obvious. 
The kernel of π on TM is {λ(t) ∈ TM | t
3
1 = t
3
2 = 1}.
Lemma 7. [12, Lemma 5] If Θ ∈ AutW M(2;n) is such that π(Θ) = IdW then for
y ∈Mi, i ∈ Z, there exists a β such that Θ(y) = β
iy where β3 = 1. 
We now fix β to be a primitive third root of unity and set Θ := λ(β2, β2). Note
that Θ ∈ TM .
Corollary 1. Let Ψ and Φ be elements of AutW M(2;n). If π(Ψ) = π(Φ) then
there exists an l such that 0 ≤ l ≤ 2 and Ψ = ΦΘl.
Proof. If π(Ψ) = π(Φ) then π(Φ−1Ψ) = IdW . By Lemma 7 we have Φ
−1Ψ = Θl
for some 0 ≤ l ≤ 2. 
Corollary 2. If Ψ ∈ AutW M(2;n) is such that π(Ψ) ∈ TW then Ψ ∈ TM .
Proof. Lemma 6 shows that there exists Φ ∈ TM such that π(Ψ) = π(Φ) and
Corollary 1 says that Ψ = ΦΘl for some 1 ≤ l ≤ 2. Hence Ψ ∈ TM . 
In order to describe the normalizers in AutW (2;n) and AutM(2;n) we introduce
the automorphism υ of O(2;n) that induces an automorphism σ of W (2;n) and
finally we extend σ to AutM(2;n). For n = (n1, n2) we define a := (a2, a1) for
a = (a1, a2) ∈ Z
2. Let n1 = n2. The linear maps υ and σ of O(2;n) and W (2;n)
respectively, defined by υ(x(a)) := xa and σ(D) := υDυ−1 for x(a) ∈ O(2;n), and
all D ∈W (2;n).
Lemma 8. For n1 = n2, the maps υ and σ are automorphisms of O(2;n) and
W (2;n) respectively.
Proof. It follows easily from [17, Theorem 6.3.2] that υ is a continuous automor-
phisms of O(2;n) (which are in AutO(2;n) as the name implies). It follows from
[17, Theorem 7.3.2] that conjugating an element D of W (2;n) by a continuous au-
tomorphism ψ of O(2;n), D 7→ ψ ◦ D ◦ ψ−1 is an automorphism of W (2;n) and
hence σ ∈ AutW (2;n). 
Lemma 9. [15] The normalizer of TW in AutW (2;n) is TW if n1 6= n2 and TW 〈σ〉2
if n1 = n2.
The following follows from the first paragraph on p.3920 of [12].
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Proposition 2. For every automorphism ψ ofW (2;n) there exists a ψM ofM(2;n)
which respects W (2;n) and whose restriction to W (2;n) is ψ. 
By Proposition 2 there exists a σM ∈ AutM(2;n) which respects W (2;n) and
whose restriction is σ. We fix this σM .
Now we can prove that TM is a maximal torus in AutM(2;n). Let UM = 〈σM 〉
when n1 = n2 and identity otherwise.
Proposition 3. The normalizer of TM in AutM is TMUM .
Proof. In [12, p. 3921] it is stated that we can decompose Ψ ∈ AutM as the
product of Ψ = ΦΩ where Φ, Ω ∈ AutM(2;n) are such that for all i ∈ Z we have
Φ(y) ∈ y +M(i+1), for y ∈Mi,
Ω(Mi) =Mi.
Let Ψ ∈ NAutM(2;n)(TM ). Then we will show that Φ = IdM .
Let y ∈Mi be a nonzero eigenvector of TM . Since Ψ ∈ NAutM(2;n)(TM ) we have
Ψ(y) is an eigenvector. The eigenspaces of TM are theM(a1,a2), where (a1, a2) ∈ Z
2.
Remark 2 gives us that Ψ(y) ∈Mk for some k ∈ Z. Now we use the decomposition
of Ψ = ΦΩ. We have Ω(y) = w ∈Mi since Ω(Ml) =Ml for all l.
(2) Ψ(y) = ΦΩ(y) = Φ(w) ∈ w +M(i+1).
Since w 6= 0 the calculations above show that Ψ(y) ∈M(i) and Ψ(y) /∈M(i+1).
The intersection of Mk and M(i) =
⊕
j≥iMj is zero if k < i. Since Ψ(y) ∈M(i)
by (2) and 0 6= Ψ(y) ∈ Mk we have k ≥ i. Since Ψ(y) /∈ M(i+1) by (2) and
ψ(y) ∈Mk we have k ≤ i. Hence k = i. We have shown that Ψ(Mi) =Mi for all i.
Hence Φ = IdM . Since W (2;n) =
⊕
i∈ZM3i we have Ψ(W (2;n)) = W (2;n). We
conclude that if Ψ ∈ NAutM(2;n)(TM ) then Ψ preserves the standard Z-grading of
M(2;n) and that π(Ψ) ∈ NAutW (2;n)(TW ) since π(TM ) = TW (Lemma 6).
According to Lemma 9, NAutW (2;n)(TW ) = TW when n1 6= n2 and TW 〈σ〉 if
n1 = n2. By Corollary 2, the set of automorphisms ofM(2;n) which when restricted
toW (2;n) are in TW is TM . For n1 = n2, Corollary 1 says that if Ψ ∈ AutW M(2;n)
and π(Ψ) = ρσ, where ρ ∈ TW then there exists a Ξ ∈ TM such that π(Ξ) = ρ and
Ψ = ΞσMΘ
l for 0 ≤ l ≤ 2. The automorphism Θ is in TM since Θ = λ(β
2, β2).
Hence, NAutM(2;n)(TM ) ⊂ TMUM .
Conversely let Ψ ∈ AutW M(2;n) such that π(Ψ) ∈ NAutW (2;n)(TW ). Then
π(Ψλ(t)Ψ−1) = π(Ψ)π(λ(t))π(Ψ)−1 ∈ TW .
By Corollary 2, we have that Ψλ(t)Ψ−1 ∈ TM and hence it follows that Ψ ∈
NAutM(2;n)(TM ) . Since for n1 = n2 we have π(σm) = σ ∈ NAutW (2;n)(TW ) and it
follows that σM ∈ NAutM(2;n)(TM ). We have shown that
TMUM ⊂ NAutM(2;n)(TM ).

Corollary 3. The centralizer of TM in AutM(2;n) is TM . Moreover, TM is a
maximal torus and TM = ηΓM (Ẑ
2).
Proof. The centralizer of TM is contained in the normalizer of TM . By Proposition
3, the normalizer of TM is in AutW M(2;n). This implies that if Ψ ∈ AutW M(2;n)
and Ψ is in the centralizer of TM then π(Ψ) must be in the centralizer of π(TM ) =
TW (Lemma 6). Since TW is a maximal torus and (for n1 = n2) σ /∈ TW we have
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that σ is not in the centralizer of TW . Hence σM is not in the centralizer of TM .
We have shown that the centralizer of TM in AutM(2;n) is TM and that TM is a
maximal torus.
By Lemma 1 we have TM = ηΓM (Ẑ
2) ⊂ ηΓM (Ẑ
2). Since ηΓM (Ẑ
2) is abelian and
contains TM it must be in the centralizer of TM which is TM . 
Proposition 4. Let Q be a quasi-torus in AutM(2;n). There is an automorphism
Ψ ∈ AutM(2;n) such that ΨQΨ−1 ⊂ TM .
Proof. By Proposition 1, Q is inside the normalizer of a maximal torus. Up to
conjugation we can assume Q ⊂ NAutM(2;n)(TM ). Then Q must preserve W (2;n)
since NAutM(2;n)(TM ) = TMUM (Proposition 3). Let Q
′ = π(Q). It follows that
Q′ ⊂ NAutW (2;n)(TW ). In [15] it is shown that there exists a ψ ∈ AutW (2;n) such
that ψQ′ψ−1 ⊂ TW . Proposition 2 says that there is Ψ ∈ AutM(2;n) such that
π(Ψ) = ψ. Hence π(ΨQΨ−1) = ψQ′ψ−1 ⊂ TW . Since π(ΨQΨ
−1) ⊂ TW , Corollary
2 give us that ΨQΨ−1 ⊂ TM . 
We can now prove Theorem 1.
Proof. Let L = M(2;n). Suppose Γ : L =
⊕
g∈G Lg is a G-grading where G is a
group without elements of order five. Without loss of generality, we assume that
the support of the grading generates G. Let ηΓ : Ĝ→ AutL be the corresponding
embedding and Q = ηΓ(Ĝ). Then by Proposition 4, there is a Ψ ∈ AutM(2;n)
such that ΨQΨ−1 ⊂ TM . Recall that by Corollary 3 that TM = ηΓM (Ẑ
2). It
follows from Lemma 2 that L =
⊕
g∈G L
′
g, where L
′
g = Ψ(Lg), is a coarsening of
the standard Z2-grading ΓM which is isomorphic to the original grading. 
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